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Mansuripur argued in I] that the Lorentz force law is 
incompatible with the special relativity theory and mo- 
mentum conservation, based on an example in which a 
magnetic dipole do not suffer any torque from an elec- 
tric charge in the system rest frame, but in other frames 
such torque appears if the Lorentz law is used to compute 
the forces on it. However, here we show that there is no 
paradox if the "hidden momentum" of a magnetic dipole 
in the presence of an external electric field is taken into 
account. 

The electric charge from Mansuripur's example [l| pro- 
duces an electric field E = Ez on the (infinitely small) 
magnetic dipole with dipole moment mo = mox. Differ- 
ent models that use current loops to represent a magnetic 
dipole predict that the dipole acquires a "hidden momen- 
tum" P = £omo x E in the presence of the external elec- 
tric field due to relativistic effects on the moving charges 
of the loops 0, El- This "hidden momentum" is coun- 
terbalanced by the electromagnetic momentum obtained 
from the integral of eoE x B = eoE x (^oH + M) in the 
whole space. Since we have H = and M = mo(5 3 (r — ro) 
in Mansuripur's example [![, ro being the dipole position, 
the system total momentum is zero. 

Now let us consider the same system in a reference 
frame that moves with velocity V = — Vz. The electric 
field in the position of the magnetic dipole is the same as 
before and there is no magnetic field. However, the mag- 
netic dipole acquires an electric dipole moment eomo^y, 
such that there is a net torque T = EeomoVx acting 
on it fl. But if we take the "hidden momentum" into 
account, there is no inconsistency. In the new frame this 
momentum is the same, P = —SomoEy. If the magnetic 
dipole is at the origin of the system of coordinates at the 
origin of time, its position in the new frame is r = Vti 
and the angular momentum is L = r x P = EomoEVtx, 
such that dL/dt = T. The torque is equal to the rate of 
change of the angular momentum caused by the move- 
ment of an object with "hidden momentum" , such that 
there is no angular acceleration of the dipole and no para- 
dox arises with the use of the Lorentz law. There is a 
"hidden angular momentum" that increases in time, but 
is counterbalanced by the electromagnetic angular mo- 
mentum such that the system total angular momentum 
is constant in time. 

The magnetic dipole moment of quantum systems like 
atoms and electrons, on the other hand, cannot be de- 



scribed by classical current loops. So it is not possible 
to say if such objects have or not "hidden momentum" 
in the presence of an electric field based on the classical 
arguments from Refs. 0, 0] • 

This issue is related to the Abraham-Minkowski debate 
about the momentum of electromagnetic waves in mate- 
rial media [4| . The eventual conclusion of the debate is 
that there are many different ways for dividing the to- 
tal energy-momentum tensor of the system into electro- 
magnetic and material parts, corresponding to different 
expressions for the electromagnetic momentum density, 
force, energy flux, etc., that lead to the same experimen- 
tal predictions [3, 0] • in previous works 0, Q we have 
shown that if the momentum and energy transferred to 
matter by an electromagnetic wave are computed by the 
use of the Lorentz law of force, we must consider the 
expression £oE x B for the electromagnetic momentum 
density, E x B / n$ for the electromagnetic energy flux and 
take the "hidden momentum" and a "hidden energy flux" 
into account to have energy and momentum conservation 
in different situations, as well as an agreement with Bal- 
azs gedanken experiment [7| . Here we are confirming this 
fact. On the other hand, with the use of the Einstein- 
Laub force one must consider the expressions E x H/c 2 
for the electromagnetic momentum density, E x H for 
the electromagnetic energy flux and disregard the "hid- 
den momentum" . Since both formulations give the same 
experimental predictions when properly used, they are 
equally valid. 

It is important to stress that the Lorentz force law can 
be written in a covariant way, such that it is automat- 
ically compatible with special relativity. Mansuripur's 
apparent paradox can be solved based on this fact, as 
discussed in Refs. It is also worth to mention 

that similar apparent paradoxes regarding the torque on 
magnetic dipoles were discussed and solved many years 

ago smEi. 
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Note added: After the submission of the first ver- 
sion of this work for publication, several solutions of 
Mansuripur's paradox were posted on the Internet based 
on essentially the same arguments that we present here. 
See |r{l(l El to quote a few. 



2 



'Electronic address: saldanha@df.ufpe.br 



[1] M. Mansuripur, Phys. Rev. Lett. 108, 193901 (2012). 

[2] P. Penfield Jr. and H. A. Haus, Electrodynamics of Mov- 
ing Media (MIT, Cambridge, 1967). 

[3] L. Vaidman, Am. J. Phys. 58, 978 (1990). 

[4] R. N. C. Pfeifer, T. A. Nieminen, N. R. Heckenberg, H. 
Rubinsztein-Dunlop, Rev. Mod. Phys. 79, 1197 (2007). 

[5] P. L. Saldanha, Opt. Express 18, 2258 (2010). 

[6] P. L. Saldanha, Opt. Commun. 284, 2653 (2011). 

[7] N. L. Balazs, Phys. Rev. 91, 408 (1953). 



[8] D. A. T. Vanzel la, larXiv7l 205.1502 

[9] D. J. Cross. larXiv:1205. 54511 
[10] K. T. McDonald, www.physics.princeton.edu/~mcdonald/ 

examples /mansuripur. pdf. 
[11] D. Bedford and P. Krumm, Am. J. Phys. 54, 1036 (1986). 
[12] V. Namias, Am. J. Phys. 57, 171 (1989). 
[13] D. J. Griffiths and V. Hnizdo. larXiv: 1205.46461 



